An atomic-orbital basis set framework is presented for carrying out velocity- 
Introduction
Time-Dependent Density Functional Theory (TDDFT) [1] [2] [3] which represents a generalization of density functional theory (DFT) 4, 5 to time-dependent systems is well established as a computationally efficient first-principles methodology for accessing excited state properties in both molecular and solid state materials. While linear-response TDDFT 6 (LR-TDDFT) has been a standard feature in first-principles quantum chemistry codes for over two decades 7, 8 , realtime TDDFT (RT-TDDFT) 9,10 has grown significantly in prominence within the last ten years driven primarily by the need for theoretical developments to complement experimental efforts employing time-domain laser spectroscopies.
To date, a number of implementations of RT-TDDFT have been reported [9] [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] with applications to both molecular and solid-state systems. In particular, for the non-perturbative treatment of light-matter interactions in periodic solids especially outside the linear-response regime, the velocity gauge (VG) formulation of RT-TDDFT originally proposed by Yabana and Bertsch 9,10 has proven useful and numerical implementations of this scheme employing real-spacegrids 15, 21, 25 , full-potential linearized augmented planewaves (FP-LAPW) 17, 26 and atomic-orbital basis sets 22, 24 have been demonstrated in connection with a wide range of applications.
Analogously to the case of DFT for ground state properties, the predictive accuracy of TDDFT for excited states depends on the functional approximation utilized to describe exchange-correlation (XC) effects characterizing the manyelectron system 2, 3 . A large body of literature investigating exact properties of the time-dependent XC potential in TDDFT as well as a hierarchy of practical XC kernel approximations for routine TDDFT simulations has been developed over the years 2, 3, 7, 8, 27, 28 . The Adiabatic Local Density Approximation (ALDA) wherein the XC potential is both a space and time-local multiplicative quantity represents the simplest XC approximation within Kohn-Sham TDDFT 2,3 .
The ALDA was widely utilized in the early days of TDDFT but is characterized by a number of short-comings. Among the most well-known failures of the ALDA are its inability to describe charge transfer excitations in molecules and the lack of exciton binding in solids 2, 3, 7, 27, [29] [30] [31] . Since the advent of Generalized Kohn-Sham (GKS) 27, 32, 33 theory over two decades ago, the ALDA has been largely superseded within molecular quantum chemistry by a wide array of hybrid-DFT functionals and the corresponding non-local XC kernels that provide much improved accuracy in both linear-response and real-time TDDFT applications 2, 3, 7, 27, [29] [30] [31] . These developments have recently been placed on a formally rigorous footing by Baer and Kronik within Generalized Kohn-Sham TDDFT (GKS-TDDFT) 28 .
In solid-state systems, the importance of long-range nonlocal exchange for capturing excitonic effects within TDDFT has been widely discussed 2, 3, 29, 30, [34] [35] [36] , but practical implementations of nonlocal kernels grounded in GKS theory have taken longer to emerge primarily due to the computational cost. In recent years, the development of efficient algorithms for nonlocal exchange within planewave basis set implementations has led to wide spread utilization of GKS XC approximations within ground state DFT simulations of periodic solids [37] [38] [39] [40] [41] . Concomitantly, a number of atom-centered Gaussian-type orbital (GTO) [42] [43] [44] [45] or Numerical atomic orbital (NAO) [46] [47] [48] [49] based condensed matter DFT platforms have also been developed to take advantage of GKS XC functionals in periodic systems. Several notable studies have extended these developments to TDDFT calculations of excited states in solids at the GKS level of theory 30, 35, 36, 45, [50] [51] [52] .
In particular recent studies employing tuned range-separated hybrid functionals within planewave basis set implementations demonstrated good predictive accuracy for linear-response TDDFT with regards to excitonic effects in condensed matter systems 36 .
Taking advantage of the aforementioned developments, in this article a linear combination of atomic orbitals (LCAO) approach is described for performing velocity gauge real-time TDDFT (VG-RT-TDDFT) 9, 22, 25 simulations of lightmatter interaction and electron dynamics in periodic solids employing rangeseparated hybrid DFT functionals. LCAO basis sets offer distinct computational efficiencies with regards to the treatment of localized core-electrons and the linear scaling with system size of the nonlocal Fock matrix relevant to GKS functionals 44, 48, 49 . The present approach aims to utilize these efficiencies to enable GKS VG-RT-TDDFT simulations for light-matter interactions spanning near infrared (NIR) to soft X-ray energies while treating valence and core electronic excitations on the same footing. Such a development is useful in two respects: Firstly, whereas the vast majority of RT-TDDFT simulations in solids to date, with some notable exceptions 20,51,52 , have been limited to ALDA or equivalent approximations, a framework such as the one discussed here could enable routine VG-RT-TDDFT simulations at the GKS level of theory. Secondly, the unified treatment of core and valence excitations represents a useful first-principles theoretical complement to emerging ultrafast spectroscopic studies in solids utilizing high-harmonic generation (HHG) and X-ray free electron laser (XFEL) light sources to probe electron dynamics from the point of view of core excitations 53-55 .
Numerical implementation details
The developments reported in this article extend an LCAO VG-RT-TDDFT framework at the ALDA level of theory that has been previously described in detail 22 . Therefore aspects related to generalizing the methodology beyond ALDA towards employing nonlocal XC functionals form the main focus of the following discussion. The primary equations of interest are the time-dependent Generalized Kohn-Sham (TDGKS) equations for electron dynamics in the velocity gauge (VG) 28, 51 :
whereinψ i ( − → r , t) represent the VG time-dependent GKS orbitals and the VG HamiltonianĤ GKS given bŷ
includes the kinetic term incorporating coupling to time-dependent external fields via the vector potential − → A (t), the VG electron-nuclear interactionV ion , the Hartree potential and in general a non-multiplicative XC operatorV XC which is a functional of the instantaneous single-particle density matrix ρ( − → r , − → r , t) 28 .
Propagating the TDGKS equation 1 in time yields the time-dependent density matrix,
and macroscopic current
The time-dependent current density
and includes the generalized momentum
From the above, observables related to the time-dependent density or current are therefore readily available and frequency domain quantities can be calculated through Fourier transforms 2, 10, 22, 25 .
In the present implementation, the XC potentialV XC inĤ GKS is obtained from employing the range-separated hybrid (RSH) functional 27, 36 form for the exchange-correlation energy E XC :
where E 
The parameters α, β and the range-separation parameter ω together determine the overall mix of LDAX and HFX at different length-scales 27, 36 . In this work, 
where σ is the spin index, 0 represents the reference unitcell and R, R 1 , R 2 are lattice vectors spanning the auxiliary supercell about the reference cell, φ 
The momentum space HFX matrix is subsequently obtained at points within the first Brillouin zone (BZ) through Fourier transformation as
In the case of range-separated hybrid functionals exchange contributions from both the standard 1/r and range-separated erf(ωr)/r Coulomb operators are calculated separately and weighted according to the α and β parameters in equation 7 to form the total XC contribution within the GKS Hamiltonian 27,36 .
The HFX like contribution to the total XC energy is easily evaluated in the real-space approach as
Within the above scheme, the primary computationally demanding tasks are the evaluation of the ERIs in equation 9 and the summations in equation 8. (8) over an auxiliary supercell whose dimensions are consistent with the length-scale of the interaction set by the range-separation parameter ω. For an unscreened 1/r form of the Coulomb interaction the HFX matrix is in general long-ranged and the real-space decay of the density matrix primarily determines the range of the auxiliary lattice summations necessary for convergence 42, 43, 48 . In practice therefore, when long-range HFX is included, convergence has to be tested on a case by case basis. In the current implementation, the size of the real-space auxiliary supercell is included as a tunable parameter to allow for convergence to be verified to within a chosen tolerance level or to the extent permitted by computational feasibility. Because of the correspondence between real-space and momentum-space, similar considerations apply in reciprocal-space algorithms where the size of the q-point grid used for evaluating HFX is analogous to the size of the auxiliary supercell in real-space methods 37, 48, 50 . Once the HFX matrix is constructed as above it is combined with the LDAX and correlation contributions according to the recipe in equation 6 to form the full range-separated hybrid XC matrix that directly enters the VG-GKS Hamiltonian in equation 2.
Because of the unitary invariance of the HFX matrix no additional complications are introduced by transformation to the velocity gauge. The VG-TD-GKS equations are then evolved using a standard Crank-Nicholson 65 scheme with a predictor-corrector step 12,22 .
Results
In the following, results obtained using the LCAO GKS implementation de- 
Groundstate bandstructures
In figure 1 , band dispersions for bulk Si ( Fig. 1(a) ) and LiF ( Fig. 1(b 
LCAO specific parameters basis set (nl-ζ)
Si: 3s-2,4s-1,3p-2,3d-2 Li: 2s-2, 2p-2
Real-space mesh-cutoff 364 Ry 526 Ry
VG-RT-TDDFT time step 0.08 a.u 0.08 a.u PAW specific parameters planewave cutoff 400 eV 400 eV HFX q-point grid 6 × 6 × 6 8 × 8 × 8 The LCAO basis set is indicated using nl-ζ notation where n, l are principal and azimuthal quantum numbers respectively and ζ is the number of functions of each nl type. from LCAO RT-LDA and the LDA independent particle approximation (IPA) are compared.
(lower-middle) The LCAO RT-SRCH result from this work is compared with the TD-HSE06 result from reference 50. (lower-right) The LCAO RT-LRCH result from this work is compared with experimental data from reference 71 . The LRCH IPA result is also shown.
Linear optical response in bulk Si
In figure 4 , the time-dependent current in bulk-Si in response to a 0.001 a.u delta function electric-field pulse applied at time t=0 is shown as obtained from 36 . For completeness, the independent-particle 2 (ω) obtained with the LRCH functional is also shown, clearly demonstrating the significant role of excitonic binding in going from IPA to RT-LRCH in bulk Si.
Linear optical response in bulk LiF
In figure 5 , results for the more extreme case of the wide gap insulating ionic solid LiF are shown. 
Fine k-point grid for XAS Γ−5×5×5 Firstly, as discussed previously by Huser et al 83 , the long-wavelength (q || →0) dielectric constant in 2D materials tends to unity. This limit is adopted here setting ∞ =1 which therefore implies (α+β)=1 or 100% HFX in the long-range.
Second, short-range HFX fraction is set to zero, i.e., α=0. This choice, deter- N 1s 376.9 378.9 400.5 398 In core-excitons the highly-localized nature of the core-hole renders short-range screening in its immediate neighborhood very important 85 requiring significant amounts of short-range nonlocal exchange within a GKS description [86] [87] [88] .
The LRCH functional used in this study features zero HFX in the short-range and therefore is unable to produce significant core-exciton binding. The above phenomenology is already known from molecular core-level spectroscopy using TDDFT where specially designed short-range-corrected hybrid functionals 87 or multiply-range-separated functionals 86, 88 have been proposed as a means of improving absolute edge energies in X-ray absorption spectra (XAS). The situation nevertheless seems somewhat more severe in the case of solids. The bound unoccupied single-particle states that are generally responsible for near-edge XAS lineshapes in small molecular systems form discrete well-spaced energy levels regardless of the DFT functional employed and electron-hole attraction effects in small molecules usually manifest as energy shifts but without involving large spectral intensity changes. Therefore, in molecules, LRCH or global hybrid functionals useful for predicting valence electronic structure are also known to usually reproduce satisfactory XAS spectral lineshapes but with the absolute edge energies having to be offset rigidly on the order of ∼10 eV to match experi- ing core-and valence-excitation spectra simultaneously, as would be relevant for pump-probe 53 or nonlinear 54 X-ray spectroscopies, requires GKS functionals that balance both long-and short-range HFX and efforts in this direction have been made in the context of molecules through modified range-separation schemes 86, 88 . Extension of the present solid-state LCAO framework to such functionals will be considered in the future. 
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